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Abstract 
This paper investigates the emergence of autoresonance (AR) with growing energy in a chain of time-invariant linear oscillators 
weakly coupled to a nonlinear actuator (the Duffing oscillator) driven by an external periodic force. Two types of forcing are 
studied: (1) harmonic forcing with constant frequency is applied to an actuator with slowly-varying parameters; (2) harmonic 
forcing with a slowly increasing frequency is applied to an actuator with constant parameters. In both cases, the linear attachment 
is time-invariant, and the system is initially engaged in resonance. It is shown that in case (1) AR the nonlinear oscillator 
generates oscillations with growing amplitudes in the attached chain, while in case (2) energy transfer from the nonlinear 
oscillator is insufficient to excite high-energy motion in the attachment. The difference in the dynamical behavior is explained by 
different resonance properties of the systems. It is also shown that a slow change of stiffness may enhance the response of the 
nonlinear oscillator and make it sufficient to support oscillations with growing energy in the linear attachment even beyond the 
linear resonance. Explicit asymptotic approximations of the solutions are obtained. 
© 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of organizing committee of IUTAM Symposium Analytical Methods in Nonlinear Dynamics. 
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1. Introduction 
Resonant energy transfer from a source of energy to a receiver has been identified as a one of the most effective 
methods for exciting and controlling high-energy oscillations in a broad range of physical and engineering systems. 
An idea of control intended to sustain “resonance under action of the force produced by the system’s itself” was 
suggested by Andronov1. Feedback control schemes building on this idea and using self-sustained oscillations with 
predefined energy as a working process were implemented in a number of engineering systems2. Although feedback 
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control provides effective self-tuning and self-adaptation mechanisms targeted at preserving resonant oscillations 
under variations of structural parameters, its implementation requires careful diagnostics of nonlinear states and may 
become extremely complicated in a multi-dimensional system. A large class of systems can avoid feedback, still 
producing the required state with the help of properly chosen program control of resonant motion. This type of 
control employs an intrinsic property of a nonlinear oscillator to change both its amplitude and natural frequency 
when the driving frequency changes. This means that the oscillator may be persistently captured into resonance with 
its drive if the driving frequency varies slowly in time to be consistent with the slowly changing amplitude and 
frequency of the oscillator3-5. The ability of a nonlinear oscillator to stay captured into resonance due to variance of 
its structural or/and excitation parameters is known as autoresonance (AR). 
Autoresonance was first used in applications to particle acceleration and reported as “the phase stability 
principle”6,7. Building on that works, a large number of theoretical investigations, experimental results, and 
applications of AR in different fields of natural science have been reported in literature8 -11. 
This paper investigates for the first time energy transfer and localization in a resonant multidimensional array 
consisting of a chain of time-invariant linear oscillators with equal partial frequencies coupled to a nonlinear 
actuator (the Duffing oscillator) driven by an external force. Two types of system are considered: (1) an actuator 
with slowly time-decreasing linear stiffness is driven by a periodic force with constant frequency; (2) a time-
independent nonlinear actuator is driven by a force with a slowly-increasing frequency. In both cases, the parameters 
of the chain and coupling remain constant, and the system is initially captured into resonance. The purpose of this 
paper is to find the conditions under which AR in the nonlinear actuator brings about growing oscillations in the 
coupled chain. In Section 2 we show that, under certain conditions, AR in the nonlinear actuator gives rise to AR in 
the entire system of the first type. However, as shown in Sec. 3, in the system of the second type AR can occur only 
in the excited nonlinear actuator while the response of the coupled linear chain remains bounded. It is proved that 
additional slow variations of the linear stiffness enhance the response of the nonlinear actuator and makes it 
sufficient to excite AR in the coupled chain. It is shown that the difference in the dynamical behavior arises due to 
different resonance properties of the systems. 
2. AR in a system subjected to a periodic force with a constant frequency 
In this section we investigate an oscillator array consisting of a chain of n linear oscillators coupled to a nonlinear 
actuator (the Duffing oscillator). An external periodic force is applied solely to the actuator. Assuming a linear 
coupling between the entities, uniaxial motion of the array is governed by the following equations: 
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In (1), uk represents the displacement of the k-th oscillator from the equilibrium, mk is its mass; the coefficients ck 
and ck,k+1 = ck+1,k are the linear stiffness constants of the k-th oscillator and stiffness of linear coupling between the k-
th and (k +1)-th oscillators, respectively; N1,2 > 0 are constant detuning parameters; it will be shown that a proper 
choice of the parameters N1,2 may serve as a tool for controlling AR in the array. The parameters A and Z denote the 
amplitude and the frequency of the excitation. The system is initially at rest, i.e., uk = 0, duk/dt = 0 at t = 0. 
Nonlinear system (1) can be analyzed asymptotically. The small parameter H is introduced as a dimensionless 
coupling parameters by formula H = c1,0/2c1 << 1. Taking into account resonance properties of the system and 
assuming weak nonlinearity, we redefine the system parameters as follows: 
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In these notations, equations (1) can be rewritten as 
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with initial conditions uk = 0, vk = duk/dW0 = 0 at W0 = 0. By definition, ]0(W)   1  EW, O0,1 =O0, O1,0 = 1, Ok,k+1 z Ok+1,k 
but On+1,n = On,n+1 = 0.  
System (3) can be investigated with the help of the multiple scales method12. To this end, we introduce complex 
amplitudes <r and define new rescaled parameters by formulas 
2/11 ))3/((,)( 0 D//< W seiuv ikkk     ,                                                                                                         (4) 
f   F/(s/), µk,k+1 = Ok,k+1/s, μ0,1 = μ0, k = 0, 1,…, n. 
In terms of new variables, Eqs. (3) can be converted into the system in the standard form with the right-hand side 
proportional to H: 
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where the terms G0 and Gk include the sums of harmonics with the coefficients depending on the amplitudes <0, <k 
and their complex conjugates <0*, <k*.  Explicit expressions of G0 and Gk are insignificant for further analysis.  
It follows from (5) that the asymptotic representation of <k takes the form <k(W0,W,H) = \k(W) + H\k(1)(W0,W) + … , W 
= HsW0. The slow terms \k(W) satisfy the following dimensionless equations: 
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The error estimate |<r(W0,W,H)  \r(W)| o 0 as H o 05,12. The real-valued amplitudes and phases of oscillations are 
defined as ar = |\r|, 'r = arg\r.  
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2.1. Quasi-steady states and fast fluctuations 
In the first step, we study in detail a weakly coupled system with a negligibly small effect of the attachment on 
the dynamics of the excited nonlinear oscillator. This implies that in the leading-order approximation the emergence 
of AR in both parts of the array can be studied separately.  
We recall the conditions of the emergence of AR in a single Duffing oscillator. It was shown13,14 that AR in the 
Duffing oscillator may occur if f > f1 = 27/2  | 0.272; if f < f1 oscillator exhibits bounded oscillations at any 
detuning rate E. On the other hand, in the domain f > f1 the Duffing oscillator admits AR if E < E*; if E > E* the 
oscillator exhibits bounded oscillations (the regime of saturation). The critical detuning rate was defined as E* = [(f
 
/
 
f1)2/3  1]/T*, where W = T* corresponds to the first minimum of the phase '0(W) in the time-independent Duffing 
oscillator (E = 0). The value T* was also found both numerically and analytically. We choose the parameters f > f1,  E
 
< E* to ensure the existence of AR in a single Duffing oscillator. It is important to note that these inequalities 
cannot be considered as rigorous conditions of the occurrence of AR in the nonlinear oscillator included in the chain 
but they indicate admissible parametric intervals, in which AR can exist. 
As in a single oscillator, the complex envelope \0(W) of the nonlinear actuator in the chain can be represented as a 
superposition of relatively small fast fluctuations )(~0 W\ near the quasi-steady state )(0 W\ , i.e., \0(W) = )(0 W\ + )(~0 W\
, where the state  0\  is calculated as a stationary point of system (6) with the “frozen” parameter ]0. Assuming µk,k+1 
= o(1), f = o(1), we obtain 
foo| r| WEW]\]\ , || , 00000 a                                                                                                        (7) 
with the values of the phases 00  '  or S'  0 . Once the solution )(0 W\  is known, then asymptotic approximations 
for fluctuations )(~0 W\  can be found from the equation linearized near the state 0\ 15. 
In order to calculate the response of the chain, we rewrite the linear subsystem of (6) in the vector form: 
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where < = (\1,…,\n)T, R = (1, 0,…,0)T, M is the matrix of the coefficients. It follows from (8) that 
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Taking into account a negligible effect of small fast fluctuations )(~0 W\  on the value of integral (9), one obtains 
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where EWW\  1)(0 , ]12/[/0 sdsd EE\  . Each component Ik of the vector ) can be expressed as
)()( W6EWI kk  , where 6k(W) is a sum of the bounded Fresnel integrals. Hence |6k(W)| < Ck, and 
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It now follows from (6), (11) that the response of the k-th oscillator can be expressed as )(~)()( W\W\W\ kkk  , 
where the quasi-steady states )(W\ k (k = 1,…,n) are given by the equality )()( 0 W\W\  k . Hence, AR in the actuator 
gives rise to oscillations with growing amplitudes in the coupled chain.   
As an example, we investigate the emergence of AR in the chain of 3 equal linear oscillators linearly coupled to 
the forced Duffing oscillator. In this case, system (6) is rewritten as 
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It can be easily shown that the quasi-steady states .3,2,1,1)()( 0    kk EWW\W\ Figure 1 depicts the 
amplitudes of oscillations ak = |\k| in the system with parameters 
E = 0.05, f = 0.34, µ0 = 0.015, µ = 0.1                                                                                                              (13)  
and zero initial conditions. The characteristic polynomial of the linear subsystem is expressed as D(s) = (s – iµ)(s – 
2iµ)2 + µ2(2s – 3iµ). The roots of the characteristic equation D(s) = 0 are given by sr = iZr, where Zr = µDr, D1 = 0.2, D2 = 1.56, D3 = 3.26. The period of the dominant low-frequency harmonic T1 = 2π/Z1 = 314 is obviously close to the 
exact (numerical) value T | 350 (Figs. 1(b) - 1(d)); the difference between the analytical and numerical results is 
about 10%. Initial conditions 1)0(~  k\  define the following amplitudes of the dominant low-frequency harmonics Z1 in the k-th oscillator (k = 1, 2, 3): a11 = 0.63; a21 = 0.97, a31 = 1.22. It is easy to verify that, according to Fig. 1, 
the amplitudes ak2 and ak3 corresponding to higher-frequency harmonics satisfy the conditions ak2 << ak1, ak3 << ak1 
(k = 1, 2, 3). 
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Fig. 1. Amplitudes of autoresonance oscillations; dashed lines correspond to the curves a̅r = a̅0. 
3. Localization and transfer of energy in a system with a slowly increasing forcing frequency 
In this section we study the behavior of the system of the second type, wherein the time-invariant nonlinear 
actuator is subjected to a periodic excitation with a frequency linearly increasing in time. 
In the system with constant parameters the linear subsystem is identical to that one in (3) but the equation of the 
actuator takes the form 
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with the coefficients defined by formulas (2). Transformations (4) - (6) together with the change of variables 
)(0)()( WTW\WI ikk e yield the following equations for the dimensionless complex amplitudes Ik: 
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with zero initial conditions. It is important to note that slow detuning ]0(W) = 1 + EW is now involved in all equations.  
As in the previous section, the solution I0(W) is represented as the sum I0(W) = I ̅0(W) + I ̃0(W), where I ̅0(W) and I ̃0(W) 
denote the quasi-steady state of the nonlinear oscillator and fast fluctuations near I0(W), respectively. Under the 
conditions μ0 ~ o(1), f ~ o(1) the function I0(W) satisfies the equation similar to (7), so that )()( 00 W]WI | .  
After computing I0(W), all other variables can be found from (15). In analogy to (8), the linear part of (15) can be 
represented as 
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We now show that each component of the vector )(W) is bounded, i.e. |Ik(W)| < ck < f, W ≥ 0. For brevity, the 
model of two coupled oscillators is considered. The slow dynamics of this system is described by the equations 
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with zero initial conditions. The change of variables S(W) = (1+EW)2 and simple transformations yield 
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Although the function K0(W) cannot explicitly computed, the limiting value K0(f) can be calculated, and equals 
K0(f) = (2E)4/3*(¾)e3iπ/8, where * is the gamma function. Hence a1(W) = |I1(W)| o µ(2E)1/3*(¾) as W o f. Therefore, 
the most part of the excitation energy remains localized on the excited oscillator but the rest of energy transferred to 
the linear oscillator suffices to sustain motion with a bounded but non-growing amplitude. Similar reasoning applied 
to the multi-dimensional array allows concluding that the response of each linear oscillator is bounded. 
Numerical results have been obtained for the four-dimensional chain. The amplitudes of oscillations ak(W) = 
|Ik(W)| are shown in Fig. 2.  
 
Fig. 2. Amplitudes of oscillations of the actuator and the coupled oscillators in the 4-dimensional chain. 
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The obtained numerical results depict a bounded response of all linear oscillators despite the presence of AR with 
a permanently growing mean amplitude in the forced nonlinear oscillator. This means that energy transfer from the 
excited oscillator is insufficient to render oscillations with increasing energy in the linear chain during escape from 
resonance. 
It is important to note that escape from resonance does not directly prevent the growth of energy, as the linear 
chain is actually driven by the coupling response with the permanently increasing amplitude, and the system 
dynamics depends on the relationship between the growth of incoming energy and the loss of energy in the linear 
chain due to exit from resonance. We show that a slow change of linear stiffness of the actuator enhances its 
response and makes it sufficient to sustain growing oscillations in the coupled linear chain. Let the equation of the 
actuator be given by 
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where ζ1(W) = 1 + E1W, [1(W) = E3W3. As in the previous example, transformations (4) - (6) and the change of variables 
)(0)()( WTWIW\ irr e  yield the following equations for the slow complex amplitudes Ik(W): 
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where f   F/s/, µr = Or/s, μ1 = s-1, μn,n+1 = 0, and ζ0(W) = ζ1(W) + [1(W). If |μr,r±1| ~ o(1), f ~ o(1), then the quasi-steady 
states and the corresponding amplitudes can be evaluated as 
.1  );(/|)(||)(|)(,)]()([|)(|)( 111,
2/1
1100 nk aa kkkkk dd   W]WIPWIWW[W]WIW                                 (21) 
As an example, we analyse the dynamics of the chain with 3 identical linear oscillators. We simulate numerically 
the system with modulations parameters ζ1(W) = 1 + E1W, [1(W) = E3W3; E1 = 102, E3 = 104. Forcing and coupling 
parameters are given by f = 0.34, µ0 = 0.015, µ = 0.1. The results of numerical simulation in Fig. 3 depict increasing 
amplitudes of all linear oscillators. 
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Fig. 3. Growing amplitudes of oscillations in the chain of 3 identical linear oscillators. 
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